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ABSTRACT. The inverse problem of Galois Theory was developed in the early 
1800’s as an approach to understand polynomials and their roots. The inverse 
Galois problem states whether any finite group can be realized as a Galois 
group over ℚ (field of rational numbers). There has been considerable progress 
in this as yet unsolved problem. Here, we shall discuss some of the most 
significant results on this problem. This paper also presents a nice variety of 
significant methods in connection with the problem such as the Hilbert 
irreducibility theorem, Noether’s problem, and rigidity method and so on. 
I. Introduction 
Galois Theory was developed in the early 1800's as an approach to understand 
polynomials and their roots. Galois Theory expresses a correspondence between 
algebraic field extensions and group theory. We are particularly interested in finite 
algebraic extensions obtained by adding roots of irreducible polynomials to the field 
of rational numbers. Galois groups give information about such field extensions and 
thus, information about the roots of the polynomials. One of the most important 
applications of Galois Theory is solvability of polynomials by radicals. 
The first important result achieved by Galois was to prove that in general a 
polynomial of degree 5 or higher is not solvable by radicals. Precisely, he stated that 
a polynomial is solvable by radicals if and only if its Galois group is solvable. 
According to the Fundamental Theorem of Galois Theory, there is a correspondence 
between a polynomial and its Galois group, but this correspondence is in general very 
complicated. The inverse Galois problem deals with this complexity. In particular, 
since it is difficult to consider the case of a general separable polynomial of degree 
n, for any integer n, the inverse Galois Theory treats the converse question: 
Is every finite group realizable as the Galois group of a Galois extension of ℚ?  
(A) General existence problem. Determine whether G occurs as a Galois group over 
K. In other words, determine whether there exists a Galois extension M/K such that 
the Galois group Gal (M/K) is isomorphic to G. We call such a Galois extension M a 
G-extension over K. 
 (B) Actual construction. If G is realisable as a Galois group over K, construct 
explicit polynomials over K having G as a Galois group. More generally, construct a 
family of polynomials over a K having G as Galois group. 
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The classical Inverse Problem of Galois Theory is the existence problem for the field 
K = Q of rational numbers. 
It would of course be particularly interesting if the family of polynomials we construct 
actually gives all G-extensions of K. One obvious way of formulating this is in the 
form of a parametric or generic polynomial. 
The next natural question after (B) one may ask is thus: 
(C) Construction of generic polynomials. Given K and G as above, determine 
whether a generic polynomial exists for G-extensions over K, and if so, find it. This 
raises a further question: 
(D) The Number of Parameters. What is the smallest possible number of parameters 
for a generic polynomial for G-extensions over K? (Again, assuming existence.) 
Remarks. The existence problem (A) has been solved in the affirmative in some cases. 
On the other hand, for certain fields, not every finite group occurs as a Galois group. 
(1) If K = ℂ(t), where t is an indeterminate, any finite group G occurs as a Galois 
group over K. This follows basically from the Riemann Existence Theorem. More 
generally, the absolute Galois group of the function field K(t) is free pro-finite with 
infinitely many generators, whenever K is algebraically closed, [5, 15]. 
(2) If K is a 𝔭-adic field, and K(t) a function field over K with indeterminate t, any 
finite group G occurs as a Galois group over K(t), by the Harbater Existence Theorem 
[4]. 
The Inverse Galois Problem is particularly significant when K is the field ℚ of 
rational numbers (or, more generally, an algebraic number field), or a function field 
in several indeterminates over ℚ (or over an algebraic number field). The big question 
is then 
The Regular Inverse Galois Problem. Is every finite group realisable as the Galois 
group of a regular extension of ℚ(t)? 
Whenever we have a Galois extension M/ℚ(t) (regular or not), it is an easy 
consequence of the Hilbert Irreducibility Theorem (covered in Chapter III below) that 
there is a ‘specialisation’ M/ℚ with the same Galois group. Moreover, if M/ℚ(t) is 
regular, we get such specialised extensions M/K over any Hilbertian field in 
characteristic 0, in particular over all algebraic number fields. Hence the special 
interest in the Regular Inverse Galois Problem. Inverse Problem of Galois Theory has 
been a difficult problem; it is still unsolved. 
II. Milestones in Inverse Galois Theory 
The Inverse Galois Problem was perhaps known to Galois. In the early nineteenth 
century, the following result was known as folklore: 
The Kronecker-Weber Theorem. Any finite abelian group G occurs as a Galois group 
over Q: Indeed G is realized as the Galois group of a subfield of the cyclotomic field 
ℚ(𝜉), where 𝜉 is an nth root of unity for some natural number n [9]. 
The first systematic study of the Inverse Galois Problem started with Hilbert in 1892. 
Hilbert used his Irreducibility Theorem (see Chapter III) to establish the following 
results [6]: 
Theorem. For any 𝑛 ≥ 1, the symmetric group Sn and the alternating group An occur 
as Galois groups over Q. 
In 1916, E. Noether [13] raised the following question: 
The Noether Problem. Let 𝑀 = ℚ(𝑡1, … , 𝑡𝑛) be the field of rational functions in n 
indeterminates. The symmetric group Sn of degree n acts on M by permuting the 
indeterminates. Let G be a transitive subgroup of Sn, and let 𝐾 = 𝑀𝐺  be the subfield 
of G-invariant rational functions of M. Is K a rational extension of ℚ? I.e., is K 
isomorphic to a field of rational functions over ℚ? (see Chapter III). 
If the Noether Problem has an affirmative answer, G can be realized as a Galois 
group over ℚ, and in fact over any Hilbertian field of characteristic 0, such as an 
algebraic number field. 
The next important step was taken in 1937 by A. Scholz and H. Reichardt [18, 16] 
who proved the following existence result: 
Theorem 2. For an odd prime p, every finite p-group occurs as a Galois group over 
ℚ. 
The final step concerning solvable groups was taken by Shafarevich [21] (with 
correction appended in 1989; for a full correct proof, the reader is referred to Chapter 
IX of the book by Neukirch, Schmidt and Wingberg [14]), extending the result of 
Iwasawa [8] that any solvable group can be realized as a Galois group over the 
maximal abelian extension ℚab of ℚ. 
Theorem (Shafarevich). Every solvable group occurs as a Galois group over ℚ. 
Shafarevich’s argument, however, is not constructive, and so does not produce a 
polynomial having a prescribed finite solvable group as a Galois group. 
Some remarks regarding simple groups. Of the finite simple groups, the projective 
groups PSL(2, p) for some odd primes p were among the first to be realized. The 
existence was established by Shih in 1974, and later polynomials were constructed 
over ℚ(t) by Malle and Matzat: 
Theorem [22]. Let p be an odd prime such that either 2, 3 or 7 is a quadratic non-
residue modulo p. Then PSL(2, p) occurs as a Galois group over ℚ. 
For the 26 sporadic simple groups, all but possibly one, namely, the Mathieu group 
M23, have been shown to occur as Galois groups over ℚ. For instance: 
Theorem (Matzat & al. [12]). Four of the Mathieu groups, namely M11, M12, M22 and 
M24, occur as Galois groups over ℚ. 
Matzat and his collaborators further constructed families of polynomials over ℚ(t) 
with Mathieu groups as Galois groups. 
The most spectacular result is, perhaps, the realization of the Monster group, the 
largest sporadic simple group, as a Galois group over ℚ by Thompson [25]. In 1984, 
Thompson succeeded in proving the following existence theorem: 
Theorem (Thompson). The monster group occurs as a Galois group over ℚ. 
Most of the aforementioned results dealt with the existence question (A) for K = ℚ. 
It should be noted that all these realization results of simple groups were achieved via 
the rigidity method and the Hilbert Irreducibility Theorem (see Chapter III). 
III. Significant Methods 
1. The Hilbert irreducibility theorem 
Definition. Let K be a field, and let 𝑓(𝑡, 𝑥) be an irreducible polynomial in 𝐾(𝑡)[𝑥] =
𝐾(𝑡1, … , 𝑡𝑟)[𝑥1,  .  .  .  ,  𝑥𝑠]. We then define the Hilbert f-set 𝐻𝑓/𝐾 as the set of tuples 
𝑎 = (𝑎1, … , 𝑎𝑟) ∈ 𝐾
𝑟 such that 𝑓(𝑎, 𝑥) ∈ 𝐾[𝑥] is well-defined and irreducible. 
Furthermore, we define a Hilbert set of 𝐾𝑟 to be the intersection of finitely many 
Hilbert f-sets and finitely many subsets of 𝐾𝑟 of the form {𝑎|𝑔(𝑎) ≠ 0} for a nonzero 
𝑔(𝑡) ∈ 𝐾[𝑡]. 
The field K is called Hilbertian, if the Hilbert sets of 𝐾𝑟 are non-empty for all r. In 
this case, they must necessarily be infinite. 
Let K be a field of characteristic 0. Then the following conditions are equivalent: 
(i) K is Hilbertian. 
(ii) If 𝑓(𝑡, 𝑋) ∈ 𝐾[𝑡, 𝑋] has no roots in K(t) (as a polynomial in X) there is an 𝑎 ∈ 𝐾 
such that f(a,X) has no roots in K. 
The Hilbert irreducibility Theorem. ℚ is Hilbertian. 
Sketch of proof. Let 𝑓(𝑡, 𝑋) ∈ ℤ[𝑡, 𝑋] have degree n in X, and assume that it has no 
roots in ℚ(t). First thing to do is to translate f(t,X) such that 0 becomes a regular 
point. Then we have root functions 𝜃1, … , 𝜃𝑛 defined on a neighborhood of ∞, i.e., for 
all t with |t| greater than some 𝑇 ∈ ℝ+ and 
𝑓(𝑡, 𝑋) = 𝑔(𝑡)𝛱𝑖=1
𝑛 (𝑋 − 𝜃𝑖(𝑡)) ∈ ℂ((𝑡
−1))[𝑋] , 
where 𝑔(𝑡) ∈ ℚ[𝑡] is the coefficient of Xn in f(t,X). Now, if 𝑎 ∈ ℚ (with a > T ) is such 
that none of 𝜃1(𝑎), … , 𝜃𝑛(𝑎) are rational, therefore obviously f(a,X) has no rational 
roots. We must prove that there is such an a.                                                                                       
Result. Let K be a Hilbertian field. If a finite group G occurs as a Galois group over 
K(t), it occurs over K as well. 
Theorem. Let K be a Hilbertian field, and let 𝑓(𝑡, 𝑋) ∈ 𝐾(𝑡)[𝑋] be monic, irreducible 
and separable. Then there is a Hilbert set of 𝐾𝑟 on which the specialisations 𝑓(𝑎, 𝑋) ∈
𝐾[𝑋] of 𝑓(𝑡, 𝑋) are well-defined, irreducible and 
𝐺𝑎𝑙(𝑓(𝑎, 𝑋)/𝐾) ≃ 𝐺𝑎𝑙(𝑓(𝑡, 𝑋)/𝐾). 
By these results, Hilbert proved that for any positive integer n, the symmetric group 
𝑆𝑛 and the alternating group 𝐴𝑛 are Galois groups over ℚ. 
2. Noether’s problem 
Definition. If an extension is not algebraic, then we call it, transcendental. 
Theorem (Emmy Noether). If G is finite and ℚ(𝑋)𝐺/ℚ is rational (purely 
transcendental), then there is a Galois field extension K/ℚ with group G. 
Proof. If ℚ(𝑋)𝐺/ℚ is rational, then ℚ(𝑋)𝐺 ≅ ℚ(𝑤1, … , 𝑤𝑛) where the wi's are 
indeterminates. Notice that ℚ(𝑋)/(ℚ(𝑋))𝐺 is Galois with group G. Thus, there is an 
irreducible polynomial 𝑓(𝑦) ∈ ℚ(𝑤1, … , 𝑤𝑛) such that ℚ(X) is the splitting field for 
f(y). Using the Primitive Element Theorem, there is an 𝛼 ∈ ℚ(𝑋) such that 𝑓(𝛼) = 0, 
and ℚ(𝑋) = ℚ(𝑋)𝐺(𝛼). 
Consider 𝑡0 be a point in ℚ
𝑛. Let 𝑓𝑡0(𝑦) be the polynomial in ℚ[𝑦] obtained by 
replacing 𝑡0 by (𝑤1, … , 𝑤𝑛) in 𝑓(𝑦) ∈ ℚ(𝑤1, … , 𝑤𝑛)[𝑦]. Using results of Hilbert's 
Irreducibility Theorem, we can have infinitely many 𝑡0 ∈ ℚ
𝑛such that 𝑓𝑡0(𝑦) ∈ ℚ[𝑦] 
is irreducible (over ℚ). Now assume that 𝐿 ⊃ ℚ be the splitting field of 𝑓𝑡0(𝑦) for 
some 𝑡0 where 𝑓𝑡0(𝑦) is irreducible. Therefore L is Galois over ℚ with group G.            
3. The embedding problem 
Let 1 ⟶ 𝐴⟶ ?̃? ⟶ 𝐺 ⟶ 1 be an exact sequence of finite groups. Suppose that G is 
a Galois group over a field K, 𝐺 ≅ 𝐺𝑎𝑙(𝐿/𝐾). The question is whether there is a 
Galois extension ?̃? of K such that ?̃? ≅ 𝐺𝑎𝑙(?̃?/𝐾), ?̃? ⊃ 𝐿 ⊃ 𝐾 and the diagram 
1
                   
→     𝐴
                                
→          ?̃?
                                 
→           𝐺
                   
→     1
 ↓                         ↓                          ↓
1 ⟶ 𝐺𝑎𝑙(?̃?/𝐿) ⟶ 𝐺𝑎𝑙(?̃?/𝐾) ⟶ 𝐺𝑎𝑙(𝐿/𝐾) ⟶ 1
 
is commutative [7]. 
The group A is called the kernel of the embedding problem. 
4. Rigidity method (Rationality criteria) 
A great progress has been made in the realization of simple groups as Galois group 
of regular extensions over ℚ(𝑡) and, by Hilbert’s irreducibility theorem, over every 
number field. The rigidity method validates a classical idea: Using the fact that every 
finite group is a Galois group of a polynomial with coefficient in ℂ(t) and impose 
conditions in order to ensure that the polynomial can be defined over ℚ(t). 
First we consider 𝜒 = ℂ̂ or equivalently ℙ1 and let 𝑆 = {𝑝1, … , 𝑝𝑠} ⊂ ℙ
1be a finite 
set of removed points. Then the fundamental group 𝜋1(ℙ
1\𝑆; 𝑝0) with respect to any 
base point 𝑝0 ∈ 𝜒 ∖ 𝑆 has the structure  
𝜋1 = 𝜋1(ℙ
1\𝑆; 𝑝0) = 〈𝛾1, … , 𝛾𝑠|𝛾1…𝛾𝑠 = 1〉. 
 Then if ℂ(𝑡)𝑆 be the maximal Galois extension of ℂ(𝑡) unramified outside S , we have: 
𝐺𝑆 = 𝐺𝑎𝑙(ℂ(𝑡)𝑆/ℂ(𝑡)) ≅ ?̂?1 (The existence Riemann theorem), 
Where ?̂?1 is the profinite completation of 𝜋1. Therefore 𝐺𝑆 is a profinite group with s 
generators and the relation 𝛾1…𝛾𝑠 = 1. Let G be a finite group. We can always 
consider 𝑔1, … , 𝑔𝑠 generators with relation 𝑔1…𝑔𝑠 = 1. Then we can have the 
following epimorphism: 
𝜓:𝐺𝑆 ⟶𝐺 , 𝜓(𝛾𝑖) = 𝑔𝑖. 
Now let 𝑁 = (ℂ(𝑡)𝑆)
𝑘𝑒𝑟(𝜓)be fixed field, we have 
𝐺𝑎𝑙(ℂ(𝑡)𝑆/ℂ(𝑡))/𝑘𝑒𝑟(𝜓) ≅ 𝐺𝑎𝑙(𝑁/ℂ(𝑡)) ≅ 𝐺. 
Notice that extension 𝑁/ℂ(𝑡) is unramified outside S because it is obviously 𝑁 ⊂
ℂ(𝑡)𝑆. Thus we have: 
Corollary [10]. Every finite group is the Galois group of some Galois extension of 
ℂ(t) and the Galois group of some Galois extension of ℝ(t). 
Theorem [10]. Every finite group is the Galois group of some extension of ℚ̅(t), where 
ℚ̅ is the algebraic closure of ℚ. 
The difficult problem is to descend to ℚ which will be achieved by rigidity method. 
Definition (Rigid). Let G be a finite group. Let 𝐶1, … , 𝐶𝑟 , 𝑟 ≥ 3, be a r-tuple of 
conjugacy classes of G. Let us denote 
?̅? = ?̅?(𝐶1, … , 𝐶𝑟) = {(𝑔1, … , 𝑔𝑟) ∈ 𝐶1 ×…× 𝐶𝑟:  𝑔1…𝑔𝑟 = 1}, 
 𝐴 = 𝐴(𝐶1, … , 𝐶𝑟) = {(𝑔1, … , 𝑔𝑟) ∈ ?̅?|〈𝑔1, … , 𝑔𝑟〉 = 𝐺}, 
ℚ𝐶 = ℚ𝐶1,…,𝐶𝑟 = ℚ𝑥1,…,𝑥𝑟 = ℚ({𝜒(𝐶𝑖)|𝜒 ∈ 𝐼𝑟𝑟(𝐺),  𝑖 = 1,… , 𝑟}) 
where 𝑥𝑖 ∈ 𝐶𝑖,  𝑖 = 1,… , 𝑟 and Irr(G) denotes the set of irreducible character of G. 
Clearly 𝐴 ⊂ ?̅? and G operates by conjugacy on A and on ?̅?. 
The family (𝐶1, … , 𝐶𝑟) (or 𝐴 = 𝐴(𝐶1, … , 𝐶𝑟)) is called rigid if A is not empty and G 
acts transitively on A. 
The family (𝐶1, … , 𝐶𝑟) (or 𝐴 = 𝐴(𝐶1, … , 𝐶𝑟)) is called strictly rigid if it is rigid and 
𝐴 = ?̅?. 
A is rationally rigid if it is rigid and 𝐶𝑖 is rational for 𝑖 = 1, … , 𝑟 (a conjugacy class 
C of G is called rational over ℚ if any irreducible character of G is rational on C). 
Lemma [2]. Suppose that the center of G is {1}. Then 𝐴 = 𝐴(𝐶1, … , 𝐶𝑟) is rigid if and 
only if |𝐺| = |𝐴|; and 𝐴 = 𝐴(𝐶1, … , 𝐶𝑟) is strictly rigid if and only if |𝐺| = |?̅?|. 
The cardinality of ?̅? = ?̅?(𝐶1, … , 𝐶𝑟) can be computed if the character table of G is 
known, so we have  
|?̅?| =
|𝐶1|… |𝐶𝑟|
|𝐺|
( ∑
𝜒(𝑥1)…𝜒(𝑥𝑟)
𝜒(1)𝑟−2
𝜒∈𝐼𝑟𝑟(𝐺)
)   
where 𝑥𝑖 ∈ 𝐶𝑖,  𝑖 = 1,… , 𝑟 and Irr(G) denotes the set of irreducible character of G 
[20]. The rationality of the conjugacy classes can be also checked from the character 
table of G. 
Suppose that a finite group G with center {1}, has a family (𝐶1, … , 𝐶𝑟) rationally rigid. 
Let 𝜓 be the mentioned epimorphism. Let 𝑁 = (ℚ̅(𝑡)𝑆)
𝑘𝑒𝑟(𝜓), N is a Galois extension 
of ℚ̅(𝑡) with 𝐺𝑎𝑙(𝑁/ℚ̅(𝑡)) ≅ 𝐺. The purpose of rational and rigid conditions is that 
they imply that 𝑁/ℚ(𝑡) is normal and the Galois group 𝛤 = 𝐺𝑎𝑙(𝑁/ℚ(𝑡)) contains 
a subgroup 𝐻 ⊂ 𝛤 such that 𝛤 = 𝐻𝐺. Thus, the fixed field 𝑁∘ = 𝑁
𝐻is a Galois 
extension of ℚ(𝑡) with Galois group G such that 𝑁∘ℚ̅ = 𝑁. 
Rigidity Theorem [1, 3, 10, 11, 25]. Let G be a finite group with center {1}. Let 𝐴 =
𝐴(𝐶1, … , 𝐶𝑟), 𝐾 = ℚ𝐶 = ℚ𝐶1,…,𝐶𝑟 and let t be an indeterminate over K. Assume that A 
is rigid. Then for any arbitrary chosen set 𝑆 = {𝑝1, … , 𝑝𝑟} of prime divisors of 𝔓𝑖 ∈
ℙ(ℚ𝐶(𝑡)/ℚ𝐶) of degree one there exists a Galois extension N of K(t) unramified 
outside S with 
𝐺𝑎𝑙(𝑁/ℚ𝐶(𝑡)) ≅ 𝐺 
Such that the inertia groups over the 𝔓𝑖 are generated by elements 𝜎𝑖 ∈ 𝐶𝑖. If A is 
rationally rigid, we have ℚ𝐶 = ℚ. 
The Hilbert Irreducibility Theorem now implies 
Corollary. With assumptions and notations as in rigidity theorem, G is a Galois group 
over K. 
5. Arithmetic – Geometric method (Elliptic curves and the group 𝑮𝑳𝟐(𝔽𝒑)) 
Definition. An elliptic curve is a smooth, projective algebraic curve of genus one, on 
which there is a specified point O. An elliptic curve is in fact an abelian variety that 
is, it has a multiplication defined algebraically, with respect to which it is a 
(necessarily commutative) group and O serves as the identity element. 
Any elliptic curve can be written as a plane algebraic curve defined by an equation of 
the form: 𝒚𝟐 = 𝒙𝟑 + 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 which is non-singular; that is, its graph has no 
cusps or self-intersections. The point O is actually the "point at infinity" in the 
projective plane. 
The Mordell group law:  
If P and Q are two points on the curve (i.e. their coordinates are solutions to the 
equation of the curve), then we can uniquely describe a third point which lies in the 
intersection of the curve with the line through P and Q. 
It is then possible to introduce a group operation, +, on the curve with the following 
properties: we consider the point at infinity to be 0, the identity of the group; and if a 
straight line intersects the curve at the points P, Q and R, then we require that P + Q 
+ R = 0 in the group. One can check that this turns the curve into an abelian group, 
and thus into an abelian variety [23]. 
 
Mordell group law applied to points of an elliptic curve: this means P+Q is the third 
intersection point on the line through 0 and PQ. 
Definition (K-points (Rational points)). Let K be a field over which the curve is defined 
(i.e., the coefficients of the defining equation or equations of the curve are in K) and 
denote the curve by E. Then the K-points of E are the points on E whose coordinates 
all lie in K, including the point at infinity. The set of K-points is denoted by E(K). It 
also forms a group. 
We fix a positive integer 𝑛 ∈ 𝑁. We want to study the set of points of E(ℂ) that are of 
order dividing n . Denote by [n] the multiplication-by-n map that sends P to [n]P, 
where [n]P denotes the sum of n times P. Note that the map [n] is well-defined over 
E(ℂ) by the Mordell group law. 
Definition (Points of order dividing n). Let 𝑃 ∈ 𝐸(ℂ).  We say that P is a point of 
order dividing n if 𝑃 ∈ 𝐾𝑒𝑟([𝑛]),  i.e. if [𝑛]𝑃 = 𝑂. We denote E[n] the set of points 
of order dividing n, i.e. 𝐾𝑒𝑟([𝑛]) = 𝐸[𝑛]. 
Proposition [24]. The group E[n] is isomorphic to the direct sum of two cyclic groups 
of order n: 
𝐸[𝑛] ≅ ℤ/𝑛ℤ⊕ ℤ/𝑛ℤ. 
In particular, E[n] is generated by two points 𝑃1, 𝑃2 and that for any 𝑃 ∈ 𝐸[𝑛] there 
exists 𝑎1, 𝑎2 ∈ ℤ/𝑛ℤ such that 𝑃 = 𝑎1𝑃1 + 𝑎2𝑃2. Precisely, 𝑃1 and 𝑃2 are the images 
of some generators of ℤ/𝑛ℤ⊕ ℤ/𝑛ℤ. 
Proposition [26]. Let E be an elliptic curve defined by the Weierstrass equation 𝑦2 =
𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 ,with 𝑎, 𝑏, 𝑐 ∈ ℚ.Then, write 𝐸[𝑛] = {𝑂, (𝑥1, 𝑦1),… , (𝑥𝑚, 𝑦𝑚)}, 
with 𝑚 = 𝑛2 − 1. Let 
𝐾 = ℚ(𝐸[𝑛]) = ℚ(𝑥1, 𝑦1, 𝑥2, … , 𝑥𝑚, 𝑦𝑚) 
be the extension of ℚ generated by the coordinates 𝑥𝑖 and 𝑦𝑖 with 𝑖 ∈ {1,… ,𝑚}. Then 
K/ℚ is a Galois extension of ℚ. 
Theorem [23]. Fix an integer 𝑛 ≥ 2. Let E be an elliptic curve given by the 
Weierstrass equation 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 , with 𝑎, 𝑏, 𝑐 ∈ ℚ. Let 𝑃1 and 𝑃2 be 
two generators for E[n]. Then there exists a one-to-one group homomorphism 
𝜌𝑛: 𝐺𝑎𝑙(ℚ(𝐸[𝑛])/ℚ) ⟶ 𝐺𝐿2(ℤ/𝑛ℤ). 
Sketch of proof. For proof, we construct the group homomorphism 𝜌𝑛. For any 𝜎 ∈
𝐺𝑎𝑙(ℚ(𝐸[𝑛])/ℚ) we can define a group homomorphism  𝛹(𝜎) on 𝐸[𝑛]. The map  
𝛹:𝐺𝑎𝑙(ℚ(𝐸[𝑛])/ℚ) ⟶ 𝐴𝑢𝑡(𝐸[𝑛]) is a group homomorphism. Furthermore, 𝜎 can 
be expressed by a matrix: 
𝛷:𝐴𝑢𝑡(𝐸[𝑛]) ⟶ 𝐺𝐿2(ℤ/𝑛ℤ)
                       𝜎        ⟼ 𝛷(𝜎) = (
𝛼 𝛽
𝛾 𝛿
) ,
 
where 𝛼, 𝛽, 𝛾, 𝛿 ∈ ℤ/𝑛ℤ are given by the definition of 𝜎(𝑃1) = 𝛼𝑃1 + 𝛾𝑃2 and 
𝜎(𝑃2) = 𝛽𝑃1 + 𝛿𝑃2 (any homomorphism 𝜎: 𝐸[𝑛] ⟶ 𝐸[𝑛] is defined by the images of 
P1 and P2. In particular we know that 𝜎(𝑃1), 𝜎(𝑃2) are in E[n]). We easily can see 
that 𝛷 is a group isomorphism. Finally, by composing these two homomorphisms, we 
obtain the following group homomorphism and all we need now is to show that it is 
one-to-one: 
𝜌𝑛: 𝐺𝑎𝑙(ℚ(𝐸[𝑛])/ℚ) ⟶ 𝐺𝐿2(ℤ/𝑛ℤ)
                    𝜎                  ⟼ 𝛷 ∘ 𝛹(𝜎).
 
Definition (Galois representation). The map 
𝜌𝑛: 𝐺𝑎𝑙(ℚ(𝐸[𝑛])/ℚ) ⟶ 𝐺𝐿2(ℤ/𝑛ℤ) 
defined as in the previous result is called the Galois representation. 
Proposition [17]. Let E be an elliptic curve defined over ℚ by the equation 𝑦2 = 𝑥3 +
𝑎𝑥2 + 𝑏. Let 𝑝 ≠ 2 be a prime number and assume that the representation 
𝜌𝑝: 𝐺𝑎𝑙(ℚ(𝐸[𝑝])/ℚ) ⟶ 𝐺𝐿2(ℤ/𝑝ℤ) is surjective, then we have: 
Let 𝑃 = (𝑥, 𝑦) ∈ 𝐸[𝑝] − {0}. The characteristic polynomial of the multiplication by 
𝑥 + 𝑦 in ℚ(𝑥, 𝑦) is irreducible and its Galois group over ℚ is 𝐺𝐿2(ℤ/𝑝ℤ). 
Serre [19] proved the following theorem which says that under which condition the 
map 𝜌𝑛 is onto for almost every 𝑛 ∈ ℕ. The proof was presented in 1972 in and need 
more advanced tools of elliptic curves theory. 
Theorem. Let E be an elliptic curve given by a Weierstrass equation with rational 
coefficients. Assume that E does not have complex multiplication. There is an integer 
NE ≥1 depending on the elliptic curve E, such that if n is an integer relatively prime 
to NE, then the Galois representation 
𝜌𝑛: 𝐺𝑎𝑙(ℚ(𝐸[𝑛])/ℚ) ⟶ 𝐺𝐿2(ℤ/𝑛ℤ) 
is an isomorphism. 
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